NEGATIVELY CURVED CODIMENSION ONE DISTRIBUTIONS

BARRY MINEMYER

ABSTRACT. We consider finite volume manifold pairs (M, N) modeled on (CH™, CH"~2)
and prove the existence of a special Riemannian metric g on M \ N. This met-

ric g is complete, has finite volume, and is negatively curved when restricted

to a specific nonintegrable codimension one distribution Z. The existence of

this metric g shows that some recent results in [AP16] cannot, in some sense,

be extended to distributions on manifolds.

1. INTRODUCTION

Let CH"™ denote (complex) n-dimensional complex hyperbolic space. If M is a
Riemannian manifold and IV a totally geodesic submanifold of M, we say that the
pair (M, N) is modeled on (CH", CH*) if there exist lattices ' C Isom(CH") and
A C Isom(CHF) such that M = CH"/T', N = CH*/A, and A < I'. We also allow
for the possibility that N is disconnected. That is, we allow for multiple lattices
A < T which correspond to different (disjoint) copies of CH* c CH". The main
result of this paper is the existence of a special metric on M \ N when k =n — 2
(so, when N has real codimension 4).

Theorem 1.1. Suppose (M, N) is modeled on (CH"™, CH"~2) with M having finite
volume. Then there exists a Riemannian metric g on M\ N which is complete, has
finite volume, and such that M admits a codimension one (nonintegrable) distribu-
tion 9 which satisfies

Ky(o) <=6
for all 2-planes 0 C 2 and for some § > 0.

In the above Theorem, K, denotes the sectional curvature with respect to g.

To motivate Theorem 1.1, consider the case when n =3, M = CH?, and N is a
single copy of CH! (and for simplicity we ignore the assumption of finite volume).
Here, M \ N is a six dimensional manifold diffeomorphic to R? x S* x (0, 00), and
2 is a five dimensional distribution. A recent result of Avramidi and Phan [AP16]
shows that the ends of a complete, nonpositively curved five dimensional manifold
with finite volume must be aspherical. From the construction of the distribution
2 it is clear that, if it were integrable, the ends of the corresponding submanifold
would have nontrivial TI5 and thus would not be aspherical (thinking of the copy of
S? as the total space of the Hopf fibration over S?, the one direction not included
in 2 is the direction tangent to the S! fiber at each point of the base CP'). So
Thereom 1.1 shows that the results of [AP16] cannot, in some sense, be extended
to include nonintegrable distributions in manifolds.
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The proof of Theorem 1.1 is technical, but some of the methods will likely be
more useful than the result. All calculations are performed in the universal cover
(CH"™, CH"~2), but will clearly “descend” to the pair (M,N). To prove Theo-
rem 1.1 we first write the metric in CH"™ in spherical coordinates about a copy of
CH"~2 (Theorem 2.1). We then consider the corresponding warped-product metric
v (equation (2.2)) and calculate formulas for the components of the (4, 0) sectional
curvature tensor of v (Theorem 2.2). All of this is contained in Section 2, and is
really just a special case of some of the results in [Minl8]. But we include the
necessary details here for the sake of exposition.

In Section 3 we discuss which direction we omit for the distribution Z and de-
velop general curvature formulas to prove Theorem 1.1 (equations (3.3) and (3.4)).
Finally, in Section 4 we prove the existence of warping functions which lead to a
complete, finite volume metric whose sectional curvature is bounded above by a
negative constant when restricted to 2-planes contained in 2. Some of the meth-
ods used in this argument are similar to those used in [GT87], [Bel12], [Belll], and
[Min17].

Remark 1.2. In this paper we scale the complex hyperbolic metric to have sectional
curvatures in the interval [—4, —1]. We also follow the notation of [doC92] and use
the following formula for the curvature tensor R of g

R(X,Y)Z =VyVxZ—VxVyZ+VxyZ.

This coincides with the notation used in [Min18], but varies from that used in some
of the references in the preceding paragraph.

2. CURVATURE FORMULAS FOR WARPED PRODUCT METRICS ON CH" \ CH"~?

In this Section we quickly describe how to write the metric in CH" in spherical
coordinates about a totally geodesic copy of CH" 2. We then describe the cor-
responding warped product metric, and state the formulas for the components of
the (4,0) sectional curvature tensor with respect to this metric. All calculations
for the formulas found in this Section can be found in [Minl8] and, in particular,
all formulas in this Section are a special case of those worked out in Section 4 of
[Min18].

2.1. Expressing the metric in CH” in spherical coordinates about CH" 2.
Let ¢, denote the complex hyperbolic metric on CH” normalized to have constant
holomorphic sectional curvature —4. Since CH" 2 is a complete totally geodesic
submanifold of the negatively curved manifold CH", there exists an orthogonal
projection map 7 : CH"™ — CH"~2. This map 7 is a fiber bundle whose fibers are
totally geodesic 4-planes isometric to CH?Z.

For r > 0 let E(r) denote the r-neighborhood of CH" 2. Then E(r) is a real
hypersurface in CH"”, and consequently we can decompose ¢, as

cn = (Cn)r + dr?

where (cp), is the induced Riemannian metric on E(r). Let m,. : E(r) — CH" 2
denote the restriction of 7 to E(r). Note that 7, is an S*-bundle whose fiber over any
point ¢ € CH"2 is (topologically) the 3-sphere of radius r in the totally geodesic
4-plane 7~ 1(q). The tangent bundle splits as an orthogonal sum V(r) & H(r) where
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V(r) is tangent to the 3-sphere m,*(q) and H(r) is the orthogonal complement to
V(r).

For r,s > 0 there exists a diffcomorphism ¢, : E(s) — E(r) induced by the
geodesic flow along the totally geodesic 4-planes orthogonal to CH" 2. Fix p € E(r)
arbitrary, let ¢ = 7(p) € CH" 2, and let v be the unit speed geodesic such that
v(0) = ¢ and v(r) = p. In what follows, all computations are considered in the
tangent space T,E(r).

Note that V(r) is tangent to both E(r) and the totally geodesic 4-plane 7~ 1(q).
Then since 77 1(q) is preserved by the geodesic flow, we have that d¢,, takes V(s)
to V(r). Consider the complex geodesic P = e;ch(spcm(%7 J%)), where J denotes
the complex structure on CH™. P intersects E(r) orthogonally, and P N E(r) is
isometric to a circle of radius 7. Thus, since a complex geodesic has curvature —4,
there exists a suitable identification P = S x (0, 00) where the metric cg restricted
to P can be written as

1
1 sinh?(2r)df? + dr?

where df? denotes the round metric on the unit circle S'. Note that the presence
of the “1/4” is to make the metric complete when extended to the core CH?.

Notice that % is a vector field on the three sphere S mentioned above. More
generally, thinking of S? as the unit sphere in C? with respect to the usual Hermitian
metric, there is an obvious free action of the circle S* on S3. The unit tangent vector
field with respect to this action corresponds to the vector field % above. This action
fibers S over the complex projective line CP! (which, here, is the Hopf fibration),
and the Riemannian submersion metric on this fiber bundle is an example of a
Berger sphere. Let a(t) be a unit speed geodesic in CP! such that «(0) = p.
Then exp,(a/(0), %) forms a totally real totally geodesic 2-plane in CH". Thus
the curvature of this 2-plane is —1. Since the direction of a was arbitrary, we can
write the Riemannian metric (cy ), restricted to V(r) as

1
sinh?(r)py + 1 sinh?(2r)d6?

where p; denotes the complex projective metric on CP*.

Now let 3(t) be any unit speed geodesic in CH"~2 such that 8(0) = ¢. Then
Q = exp(span(B'(0),~(0))) is a totally real totally geodesic submanifold of CH",
and thus K(8’,7") = —1. Therefore, the metric ¢, restricted to @ can be written
as cosh?(r)dt? + dr?. But since v was arbitrary, we can write the metric on the
(2n-3)-dimensional submanifold determined by CH"~2 and -2 as cosh® c,_2 + dr?.
This leads to the following (compare to Theorem 2.1 of [Min18]).

Theorem 2.1. The complex hyperbolic manifold CH™ \ CH"~2 can be written as
E x (0,00), where E =2 CH"=2 x S3 equipped with the metric

1
(2.1) cn = cosh?(r)cp_g + sinh?(r)py + 1 sinh?(2r)d6? + dr.

2.2. The warped product metric, orthonormal basis, and curvature for-
mulas in CH"\CH"~2. For some positive, increasing real-valued functions h, v, v, :
(0,00) = R define the Riemannian metric

1
(2.2) v = h2(r)ca_z + v*(r)p1 + —v2(r)d6? + dr?.
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Of course, this is just the warped product metric associated to equation (2.1), and
S0 ¥ = ¢n when h = cosh(r), v = sinh(r), and v, = sinh(2r).

For the remainder of this Section, fix p = (q1,q,7) € CH" "2 x §? x (0,00) =
CH"\ CH"~2. Also, write ¢ = (g2, 6) where go € CP! and 6 € S! (thinking of S? as
the total space of the Hopf fibration). Let (X'l7 Xo, ... 7X2n74) be an orthonormal
collection of vector fields near ¢; € CH" 2 which satisfies:

(1) [Xi, Xjlg =0forall 1 <i,j <2n—4.
(2) JXit1lg = Xilg for all 2 <i < 2n —4 and i even.

Define an analogous collection of vector fields (Xgn,g,f(gn,g) about ¢ € CP!
so that JXgn,g|q2 = X2n73|q2 and [Xgn,g,Xgn,g]qz = 0. Extend both collections
to vector fields (X1, ..., Xo,_2) near p. Lastly, let Xo,_1 = % and X, = %.

Define an orthonormal basis {Y;}?7, with respect to v by

1 1
(23) Yi=7X; (for 1<i<2n—4) Y; =-X; (forj=2n—132n-2)
v

1
}/Qn—l = TXQn—l Y2n = X2n-

2 Ur

We then have the following Theorem which states all nonzero terms of the (4,0)
curvature tensor R, (up to the symmetries of the curvature tensor) with respect to
the basis (Y;) (this is a special case of Theorem 2.3 of [Min18]).

Theorem 2.2. In terms of the basis given in equation (2.3), the only independent
nonzero components of the (4,0) curvature tensor R, are given by the following
formulas. In these formulas: i, € {1,...,2n — 4} with |JX;| # |JXy|, k €
{2n—3,2n—-2}, (4,7) # (', ) € {(1,2),...,(2n=5,2n—4)}, (k,1) = (2n—3,2n—2),
and RZbcd = <R’Y(Yaa Ys)Ye, Yd>’¥'

I\ 2 2 I\ 2 2
RY . = _— Q _i_?ﬂ)r RY == _ v +i_3vT
9% h h?  4h* kikl v v 4ot
2
X R\? 1 i} W
Rii"i’i/ - E - ﬁ Rik:ik: - ho
1,0 2 10,0 2
7 A _ I o _ vy
,2n—1,7,2n—1 h’l)r 4h4 k,2n—1,k,2n—1 VU, 4’1}4
B v "
Y — Y — 24 — T
Ri,2n,i,2n - _ﬁ Rk,,Qn,k,Qn - _7 R2n71,2n,2n71,2n - _?
r
2 v2
Y — Y — Y — T
Riji’j/ — 2R1’L’]J’ - 72R’Lj/J’L/ - 7? - 2h4
2
Rl = 2R}, = 2R}, = *%
J J J 2h2v

)

v vr\’
2 _ 2 — _opY __r -r
Rk,l,anl,Qn - 2Rk,2nfl,l,2n - 2Rk,2n,l,2n71 - 2 (hl v ) .

) Ur\/
4 =2R] = 2R} S
R jon—1on = 2Rion_1jon = ~2Rion jon1= "3 (ln h )
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3. COMPUTING SECTIONAL CURVATURES OF GENERIC 2-PLANES

The negatively curved codimension one distribution 2 from Theorem 1.1 is the
distribution orthogonal to % (or equivalently Ya,-1). Let p = (¢1,¢2,0,7) as in
the previous Section. Note that 2 is not integrable, since [Xo,_3, Xop_2] = 2%
(see Lemma 4.2 of [Min18]). To prove that the sectional curvature of 2 is bounded
above by a negative constant, it is enough to consider the “generic” case of 2-
planes o C T,CH" whose projection onto both T, CH"~? and T,,CP! is at least
1-dimensional.

To simplify our curvature calculations, we choose the frame (Y;) depending on
the position of o. The homeomorphism CH" \ CH"~2 =2 CH" 2 x S x (0, 0) gives
a natural identification of &, with T,,, CH"~2 x T,,,CP! x R. Since the T,, CH"~2 x
T,,CP' component of Z, has codimension one, o contains a unit vector A which
is contained in this component. Define the projections m : 4, — T, qlCH”*Q and
T+ D — T, CPL. Let X; € T,, CH"~2 and X5 € T,,CP! be unit vectors parallel to
m1(A) and 72 (A), respectively. Next, define X, € T,,CH"2 so that JX, = X7 and
X € T,,CP! so that JXs = X5. Finally, if necessary, we choose X3 € T,,CH"—2
so that (Xl,X27X3) is an orthonormal collection of vectors whose span contains
m1(0).

As in Section 2, extend these vectors to vector fields near ¢; and go with (by
abusing notation) the same name, and then extend them to vector fields X; near
p. Let Y; = (1/R)X, for i =1,2,3, Y; = (1/v)X; for j = 5,6, and Yg = % (where
we omit Y7 since & omits %). By construction, A can be written as a linear
combination of X; and X5. If B € ¢ is a unit vector orthogonal to A, then (A, B)
is an orthonormal basis of ¢ which can be written as

A=a1Y1 +as5Y5 B =0b1Y1 +b2Ys + b3Y3 + b5Y5 + bgYs + bsYs
where
ai +a2 =1=">b]+b3 + b3 + b2 + bg + b
and
ai1b; + asbs = 0.
We then compute

K’Y(U) = <R’Y(A7 B)A’ B)’Y
(3.1) = alb3R]y 1, + albiR]s 5 + aTbiR]gs + aTb3Riss + (a1bs — asbi)’Ris, 5
+ aZb3 Risys + aZb3Risss + a3b Rlgs + a3b3 Rigss

+ 2a1a5b2b6RY256 — 2a1a5b2b6R¥625.
Note that by Theorem 2.2 we know that

(32) 2a1a5b2b6R¥256 - 2a1a5b2b6R¥625 = 3a1a5b2b6R¥256.
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We then combine equation (3.2) and Theorem 2.2 with equation (3.1) to obtain the

following.
WN\? 4 302 - W\? 1 X
_<h> Tz apt| Tl _(h> ~qz| T ebs (w)

h/ ! 1
(3.3)  + [albg + (a1bs — asby)? + a3bj + alb3] < Y ) + a2b? <”v>

hv
v\ 4 302 —v2
N <v> oz T | T 3mbaashs <2h2;2> '

Note that only the 6th and 7th terms (the last two terms) of equation (3.3) are
capable of being positive. One method to ensure that the 6th term is negative is
to choose v sufficiently small (independent of v,.). One can then deal with the 7th
(mixed) term by ensuring that the 1st and 6th terms are sufficiently negative, since
these two terms (combined) contain the same coeflicients as the mixed term. In
particular, any contribution from coefficients other than aq, as, b2, and bg will only
ever make the curvature more negative. So the “worst case” situation for us is when
by = by = bs = bg = 0. In this case, equation (3.3) reduces to

K, (0) = aibj

+ a2b?

AN R 1
_ 2712 r
(3.4) K, (o) = aib; l— <h> 2T A

7 2 2
2,9 v 4 3v:
+asby [ () TRt

This is the equation that we will use in the next section when proving that g,
restricted to &, has negative sectional curvature.

'
+ i+ atid) (<50

22
+ 3a1b2a5b6 (,UT) .

2h2v

4. CONSTRUCTING THE METRIC IN THEOREM 1.1

In this Section we develop warping functions for h(r), v(r), and v,(r), defined
for r € (—o00,00), so that the resulting metric g (where g := 5 from Theorem
2.2) satisfies the conditions of Theorem 1.1. The domain of (—o0,0) turns each
component of N into a “cusp” of M, which is to ensure that g is complete. An
outline of how we define these functions is as follows.

We begin by letting € > 0 be much smaller than the normal injectivity radius of
N. We also let 6 > 0 be a small positive constant and a < 0 be a large (in absolute
value) negative constant. On the region (—oo,a) we define

1
(4.1) h = de" v = geer v =€e?.

(M

On the region (a, %s) we slowly warp h from de” to cosh(r) while keeping v = %eeT
and v, = ce?. We then “bend” v to sinh(r) in a small neighborhood of r = %5.
These functions remain as they are on the interval (%E, %5) In a small neighborhood
of r = %E we then “bend” v, from ee? to sinh(2r). Finally, for r > ¢ we have
h = cosh(r), v = sinh(r), and v, = sinh(2r) so that g agrees with the complex
hyperbolic metric on this region.
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A quick remark before we get into some more details is that the definitions for
our warping functions for the interval (—oo,a) in equation (4.1) guarantee that g
still has finite volume.

In the following Subsections we will prove that g has negative curvature in each
of the intervals (—o0, a), (a, %5), and (%5, %5) for £,6 > 0 chosen sufficiently small
and a < 0 chosen sufficiently large negative. But let us now quickly discuss why we
can disregard the endpoints of each interval.

Note that the functions %ser and sinh(r) intersect at approximately r = %

S sinh(2r) at approximately r = %5. So the use of the term “bend” in our
discussion above really meant to apply the following Lemma from [Belll] to the
concatenation of the two functions.

€, and

Lemma 4.1. Given real numbers k,ay,c,as with a; < ¢ < ag, let fi : [a1,c] = R
and fo : [c,az] — R be C? functions satisfying fI' >k, fi(c) = fa(c), and fi(c) <
fi(e). If f : |a1,a2] — R denotes the concatenation of f1 and fa, then for any small
d > 0 there exists a C? function fs : [a1,as] — R such that

(1) f§ > k.

(2) fs=f and f5 = f" at the points a1 and as.

(3) if f is increasing, then f5 > 0.

(4) if f is C' on [a1,az] for some integer | € [0,00], then fs5 if C' on |ay,as],

and f5 converges to f in the C'-topology on [ai, as] as § — 0.

Since the sectional curvature of g will be bounded above by a negative constant
on each interval, we can apply Lemma 4.1 to arbitrarily small neighborhoods of
r= %s and r = %E and maintain the fact that g has negative sectional curvature.
We will define h to be a smooth function near r = a, and so there will be no issues

at that endpoint either.

4.1. The interval (—oo,a). On this region we have
1

h = de” v = geer v, = ce2.
Plugging these directly into equation (3.4), we obtain:
4 32
K, (o) = aibs {—1 ~ Sagnr 45463,,] — (a?b§ + aZb3)
36 243 9
272
(42) + a5b6 |:—1 + 52? — W:| — 3a1a5b2b6 (W) .

3r

Now, since r < a << 0, the terms containing an e>” in the denominator will

dominate this sum. Isolating those terms, we have

3e2 243 27
~ 212 212
K7(0-> ~ —a1b2 (454637‘) — a5b6 <4€263T> — a1a5b2b6 (25263T>

1 3e? 243 27
(43) = e? [—a%bg (464) — agbg (452) — a1a5b2b6 (252>:| .

We claim that, for any fixed € > 0, there exists § > 0, such that the term inside
the brackets in (4.3) is nonpositive. To see this, first note that if either a; = 0
or by = 0, then the third term (the mixed term) is 0 and thus this sum has to be
nonpositive for any choice of 4. So let us now fix a1, as, b2, and bg with both a; and
by not zero. Then since the first term is nonzero and has a §* in its denominator, we
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can choose § sufficiently small to ensure that the entire term is negative. Since the
possible selections for ag,as, bz, and bg is compact (recall a? + a2 = 1 = b3 = b2),
there exists a positive § which works for all values of the parameters.

Let us remark that, even though (4.3) can be zero (which happens, for example,
when a; =1 = bg and a5 = by = 0), the sectional curvature tensor is still bounded
above by a negative constant on this region. This is clear if we go back to the
original curvature equation (4.2). If (4.3) is zero, then one of a?b? or aZb3 is not
zero. This ensures that (4.2) is still negative.

4.2. The interval (a, %5—:) Over this region we keep the functions
1

v=—¢ge" v, = €e

3

while slowly warping h from de” to cosh(r). More specifically, we define h to be a
smooth function on (— ) which satisfies:

(1) h=oe" on(

=i 1) o () ()

1 1
for all r € (a 36) and where a =r —a € (0’ 35_a>.
= 5 a 1 1
(3) h'(r) ~ M < sinh <35> for all r € (a, 35).

3€—a

1
(4) A”(r) > 0 small for all r € (a, 35).

[ME]

00, 3

Such a function h clearly exists. One should note that, for € > 0 fixed, we choose
a sufficiently large (negative) to guarantee the inequality in (3).
Plugging these functions into equation (3.4), we obtain

W\?> 4 3e2er N A X
(h) _ﬁ_m +(a1b6+a5b2) <_h>

36 243 27 1
+ agb% { 1+ ——5-— } — ?a1a5bzbﬁ (W)

(44)  K,(0) = b3 |-

82 627‘ 4E2€3r

4 3e2e” 36 243
2 212
(4.5) ~ alb |: h2 — 4h4 :| + 0;5b6 |: + EzeQT - 45263T:|

27 1
- ?a1a5b2b6 (W) .

To show that (4.5) is always negative for € > 0 chosen sufficiently small, we need
to break up the interval [a, %5] at some large negative constant. Let us choose
—1000. So we will first consider the interval [a, —1000], and then the interval
[-1000, 2]

So we first let r € [a, —1000], and consider the second summand of (4.5). Since
r is large negative and both variable terms have an “c?” in the denominator, the
term with the 3" in the denominator dominates this second summand. Therefore
this second summand is always negative, and becomes arbitrarily large negative as
€ approaches 0. We can then proceed as we did in the previous subsection. For any
fixed a1, as, be, and bg, we can choose € > 0 so that (4.5) is nonpositive. Then since
the domain for those parameters is compact, we can choose € > 0 so that (4.5) is
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nonpositive for all values of a1, as, bs, and bg. Also, K, (o) is always bounded above
by a negative constant due to the presence of the

h/
@+ an) (- )

term in (4.4).

Let us now consider the case when r € [—1000, %5} The difference now is
that the 3" term in the second summand does not necessarily dominate the 2"
term. But this second summand is still always negative since % > 36 (and since
e?" ~ 3" ~ 1 when r ~ 0). And moreover, the second summand of (4.5) still
becomes arbitrarily large negative as € > 0 is chosen sufficiently small. So for any
fixed values for aq,as, be, and bg and for a fized choice for r, we can choose € > 0
so that (4.5) is nonpositive. But since the domain for the parameters a1, as, be, bg,
and r is compact, we can choose £ > 0 so that (4.5) is nonpositive for all choices of
ay,as,ba, and b and for all r € [—1000, 3¢]. Of course, the interval [—1000, 3¢]
depends on e. But the interval decreases in size as € approaches zero, and so this
does not effect the above compactness argument.

For a discussion on why we needed to break up the interval at —1000, please see
Subsection 4.4 below.

Finally, in a small neighborhood of r = %5, we use Lemma 4.1 to bend v from

fee” to sinh(r).

4.3. The interval (%5, %5) Over this region we have

[Sh]

h = cosh(r) v = sinh(r) v, = ez,

When we evaluate (3.4) with these function values, we get

inh?(r) 4 3e2e”
K, (0) = a2b2 [ D = } — (a2b2 + a2b}
1) Y21 cosh®(r)  cosh®(r)  4coshi(r) (aibs + azba)
cosh?(r) 4 3e2e” 3 —eZer
+a2b2{ + - }Jraabb( )
o0 inh?(r)  sinh?(r)  4sinh*(r) PR sinh?(r) cosh?(r)

Since r is near 0, we use the 1st order Taylor approximations
cosh(r) =~ 1 sinh(r) = r e'~1+r

to obtain

3
(o) ~ adtd |12 4= 2 r)] (@282 + a20)

' 1 4 32(1+n)] 3 —e2(1 4 1)
+ a?,bé {—TQ + 1 + §a1a5b2b6 2

3
(4.6) ~ a’b3 | —4 — Z52(1 + r)} — (aibg + a2b3)

3 3% 3?] 3 g2 g2
212
+ a5b6 |:7‘2 - R - 47'4:| + §a1a5b2b6 (_7" — 742> .
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1]. Substituting this into (4.6) yields

We can write r = ke for some k 6 2

l
3
K, (o )Nalbg[ 4—75 +k5] 202 + a2b3)

3 3 . )
212
a5b |:k252 - 4k3e 4k‘482] - 5&1@5()266 </<;2 + k;2>
—3 4+ 12k 3

4kAe? 4k3z

(4.7) ~ —4a2b3 — (a fbg—kagb%)—kagbg{

2]{32 alarbgbg

Consider the third term of equation (4.7). Since we will choose ¢ small, the
term with the &2 in the denominator (generally) dominates the third summand.
But notice that the numerator is always < 0 for k € [%, %], and is only zero for
k = 3. For k arbitrarily close to 3, the second term becomes the larger term and
it becomes arbitrarily large negative as € — 0. The point here is that the quantity

—3 4+ 12k 3 11
+ — for k € { ]

4ke2 4k3¢e 3’2

approaches —oo as ¢ — 0. We can therefore apply a similar argument to what we
have previously. Since the domain for the parameters a1, as, bo, and bg is compact,
we can choose € > 0 sufficiently small so that (4.7) is bounded above by a negative
constant.

4.4. Order in which we choose the parameters ¢, a, and ¢. The purpose
of this Subsection is to ensure that we can choose the parameters ¢, a, and ¢ as
required above.

We first start with a < —1000 not yet fixed. We then fix ¢ > 0 so that K, (o)
is bounded above by a negative constant on the intervals [a, —1000], [—1000, %6},
and [%E, %5]7 and recall that the selection of ¢ was independent of 7 in the interval
[a, —1000]. Similarly we choose § > 0 so that K, (o) is bounded above by a neg-
ative constant on the interval (—oo,a), and recall that this selection of § was also
independent of 7.

We then (if necessary) choose a larger (negative) so that condition (3) in the

definition of h(r) in the interval [a, €] is satisfied. That is, so that

sh 1.\ Se 1 1
h/(r) ~ M < sinh (35) for all r € <a, 35) .

1. _
3E—0

This condition is necessary in order to apply Lemma 4.1 at the endpoint r = te.

So it is necessary that we choose a after fixing e. ’

The reason that we needed to break the interval [a, %6] at a large negative
number is because we needed to use a compactness argument for r on the region
containing zero. But we couldn’t use this on the entire interval, since choosing a
after fixing ¢ expands the interval.
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